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Abstract
A comprehensive investigation of velocity distribution is presented, and the log law is re-
examined using experimental data from a smooth uniform open channel low. It is widely 
reported that the coeicients of the log law in channel lows deviate from those obtained 
from circular pipe lows by Nikuradse (Laws of low in rough pipes, 1933), but the mecha-
nism is not clear and no theoretical formulae are available to express these deviations. A 
Laser Doppler Velocimetry system was used to measure velocity proiles at the centre of 
the channel. The data obtained support previous conclusions that the additive constant B 
of the log law in channel lows can no longer be considered to be 5.5. Interestingly, the 
experimental data also support Tracy and Lester’s discovery that the shear velocities on 
both sides of the log law are diferent. Better agreement can be achieved if the global shear 
velocity  (U*1) is used to normalize the measured velocity, and the local shear velocity  (U*2) 
is used to normalize the distance from the wall. Other researchers’ data in the literature 
also validates this new relationship. Based on this new relationship, a theoretical value of B 
is obtained, which agrees well with the observed B, thus a new form of log law for channel 
low is suggested. The new relationship developed was veriied with present experimen-
tal and past literature data suggesting its universality irrespective of wide or narrow open 
channels, or subcritical or super critical low conditions. By using the developed relation-
ship the large scatter associated with the additive constant B associated with the log law 
has been explained. It is found that the additive constant B in the log law is a function of 
channel aspect ratio. The developed relationship for B is validated from a wide range of 
data from the literature to conirm its universality.
Keywords Open channel low · Laser Doppler Velocimetry (LDV) · Log law · Shear 
velocity · Turbulence · Uniform low
List of symbols
A  Empirical constant (−)
B  Additive constant
B′  Is a function of B
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Fr  Froude number
g  Gravitational acceleration (m s−2)
H  Flow depth (m)
Q  Flow discharge (L s−1)
R  Hydraulic radius (m)
Re  Reynolds number based on hydraulic radius
Se  Energy slope (−)
Sb  Bed slope (−)
T  Water temperature (°C)
U  Streamwise time averaged velocity (m s−1)
U*  Shear velocity (m s
−1)
Um  Depth averaged mean velocity at the centre (m s
−1)
U*1  Global shear velocity (m s
−1)
U*2  Local shear velocity (m s
−1)
U*b  U* based on bed slope (m s
−1)
U*l  U* evaluated from clusters method (m s
−1)
U*m  Measured shear velocity (m s
−1)
U*r  Shear velocity evaluated from Reynolds stress distribution (m s
−1)
U*v  Shear velocity evaluated from the velocity data in the viscous sub layer (m s
−1)
u, v, w  Instantaneous velocities in x, y and z direction (m s−1)
W  Width of the channel (m)
X, Y, Z  Streamwise, vertical and transverse coordinates respectively (m)
y  Vertical distance from the solid boundary (channel bottom)
ρ  Density of water (kg m−3)
κ  von Karman constant
v  Kinematic viscosity of the luid  (m2 s−1)
δ  Distance from the bottom where U = Ue (m)
1 Introduction
Turbulence characteristics or most particularly velocity distributions of open channel lows 
are of great importance in many ields such as hydraulic engineering, environmental engi-
neering, luid mechanics and physics [3, 5, 6, 28, 33, 36, 58, 59]. Phenomena such as dif-
fusion of matter as well as erosion, transport and abrasion and deposition of sediments 
or low resistance are directly governed by the low characteristics. Such low characteris-
tics include: the distribution of time averaged velocities, turbulence intensity distributions, 
and Reynold shear stress distributions [1–3, 5–8, 11, 21, 28, 46, 62, 64]. An extensive 
review and analysis by George et al. [20] reported that turbulent low is the most investi-
gated aspect of channel lows. This is not surprising from a practical viewpoint as turbulent 
lows are encountered in many industrial and environmental applications. For example, the 
estimation of mixing of pollutants in water bodies and sediment transport rates in open 
channels are directly inluenced by the nature of the low. Further, accurate estimation of 
turbulent characteristics or more particularly velocity distribution is crucial in river devel-
opment and management, reservoir operation, and lood protection. Consequently, in the 
two-dimensional analysis of luid low, the mean velocity distributions in open channels are 
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In an early study, Tracy and Lester [59] studied the velocity distribution in a wide 
rectangular open channel and they concluded that the open channel low could be 
divided into two portions; one in the central portion and the other in the vicinity of 
the wall termed the corner portion. Due to the practical and theoretical importance 
of the problem, extensive experimental and analytical investigations have been car-
ried out since 1930 to determine the vertical distributions of velocities for turbulent 
lows over smooth and rough surfaces [6, 20, 26, 33, 36–39, 52, 54, 60]. As discussed 
in Sarma et  al. [49], the theoretical investigations of Prandtl [44], von Karman [61] 
and the experimental studies of Nikuradse [41] on low through pipes have led to con-
clusive knowledge of velocity distribution and hydraulic resistance of turbulent lows 
in circular pipes. This knowledge has later been extended to open channel lows with 
modiications [6, 36, 39, 54]. Although some general similarities exist between the 
low through pipes and the low through open channels, certain factors such as the 
presence of a free surface, the three-dimensional nature of the low due to noncircular 
cross section of the channel, and non-uniform distribution of shear along the wetted 
perimeter, distinguish open channel low from pipe low.
Though much work has been conducted with regard to turbulence of open channel 
lows, velocity distribution in open channels is still not fully understood. According 
to Balachandar et al. [7], lack of understanding of structural characteristics of turbu-
lence in open channel lows inhibits practical applications. Hence, more research on 
this area is of crucial importance. Such knowledge is indispensable in understanding 
the hydraulics which govern uniform open channel lows. Consequently, accurate esti-
mation and proper understanding of velocity proiles of uniform open channel lows is 
paramount as this is the key aspect of turbulent structure. According to the review con-
ducted, it is interesting to note that log law velocity proiles are diferently presented 
in literature with a universal von Karman constant (κ) and an additive or integration 
constant (B) which show a large scatter. Although Tracy and Lester [59] found that 
the shear velocities are diferent on both sides of the log-law, only a handful research-
ers (As an example; Yang et al. [63] paid attention to it, and no connection has been 
established between the variations of B with other readily measurable parameters. This 
aspect is extensively discussed in this paper. Consequently, the formulated objectives 
of the present study are to: (1) examine experimentally the proper deinition of shear 
velocities in the log law using experimental data; (2) to investigate the mechanism that 
causes the observed κ and B in channel lows to deviate from Nikuradse values; (3) to 
justify the large scatter of the additive constant (B) in the log law; and to test the appli-
cability of the proposed equation with experimental and literature data.
In the present study, velocity measurements were taken using a 2D Laser Doppler 
Velocimetry (LDV) system. This is a well-established, non-intrusive and powerful 
measurement technique that gives information about instantaneous low velocities in 2 
directions [6, 18, 38]. All the velocity measurements were taken in the fully developed 
turbulent region of sub-critical lows on smooth rectangular open channels of inite 
aspect ratios. An extensive experimental program was conducted to obtain accurate 
data sets and hence provide more conclusive outcomes. Special attention was given to 
the determination of the shear velocities that are obtained using measured velocity dis-
tributions. With the results obtained from the present experiments, the law of the wall 
of the mean velocities or the log law on smooth beds are re-examined. In the following 
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2  Theoretical considerations
2.1  The law of the wall
As discussed above, over past decades, various comprehensive research studies have been 
conducted on the mean low characteristics of fully developed, two dimensional (2D) 
open channel lows over smooth and rough beds. The key objective of these studies was to 
advance the understanding of turbulent lows and to quantify important low parameters. 
These studies indicate that the boundary layer of open channel low consists of two self-
similar regions namely the inner region and the outer region described by diferent scal-
ing laws [6, 12, 26] (see Fig. 1). The inner region of a turbulent layer is much narrower 
than the outer region. Its thickness represents 10–20% of the entire boundary layer thick-
ness [15]. In the inner region the mean velocities are generally controlled by the wall shear 
stress, wall roughness, distance from the wall, density, and viscosity of the luid [26]. The 
inner region consists of two distinct parts, namely: the viscous sublayer and the fully turbu-
lent part. Experiments by several researchers [15, 26] showed that the total shear stress at 
some small distance from the wall is constant and equals the wall shear τ0. Therefore, the 
integration of Newton’s law of viscosity (τ = µdu/dy with τ = τ0), gives the velocity distri-
bution in the viscous sublayer as:
where U = streamwise time averaged velocity  (ms−1);  U* = (τ0/ρ)
0.5 = the friction velocity; 
ρ = the density; v = the kinematic viscosity of the luid; and y = the distance from the solid 
boundary.
In the fully turbulent part of the inner region, the logarithmic velocity distribution equa-
tion of von Karman–Prandtl is universally recognized as the logarithmic portion of the 




















Fig. 1  Sketch of a classical 
representative velocity proile in 
open-channels. (Adapted from 
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in which κ is the universal von Karman constant, which is independent of the nature of the 
wall, whether smooth or rough, and B is a constant whose value depends on the nature of 
the wall surface [26, 50]. Initially, Nikuradse [41] found, after conducting the experiments 
for hydraulically “smooth” pipe low, that A = 2.5; with κ as 0.4 and B = 5.5. Keulegan [25] 
assumed that in any open channel lows, Eq. (2) could express the mean velocity distribu-
tion for fully developed turbulent low with Nikuradse’s values of constants. Nevertheless, 
most recently researchers have found diferent values for constants A and B after conduct-
ing their own experiments. As an example, Nezu and Rodi [38] conducted experiments 
with LDV in a uniform, subcritical turbulent open channel low over a smooth bed and 
stated that Eq. (2) can be applied to the near wall region and both A and B remain constant 
at A = 2.44 with κ = 0.41 and B = 5.29. These values are slightly diferent from those sug-
gested by Nikuradse [41] for pipe lows with κ = 0.40 and B = 5.5. Values ranging from 5.0 
to 5.5 have been commonly used by Roussinova [46] for B.
After a signiicant number of studies researchers recommended that the value of κ = 0.41 
is an acceptable value [5, 7, 13, 26, 27]. Balachandar et al. [7] conirmed that κ = 0.41 for 
shallow, low Reynolds number, open channels with the certainty of κ = 0.41 ± 5% which is 
widely accepted for steady, fully developed closed and open channel lows over smooth, 
rough and even movable beds irrespective of the Reynolds and Froude numbers [5, 13, 24, 
27, 37, 45, 56] (see Fig. 2). In contrast, the constant B has been subject to large variations 
dependent on low properties as shown in Fig. 3. According to Zanoun [66], this scatter 
could be attributed either to inconsistencies in the general trends of the available experi-
mental data which might be related to improper measuring equipment, inaccurate measure-
ment of the shear velocity,  U*, or due to low Reynolds numbers, i.e., Re < 10
3, efects.
The modern theory of turbulence indicates that (as an example [37]) the log law is 
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thickness. However, it is worth noting that there are slight discrepancies in the literature 
with regard to the boundaries of this region. Nezu and Rodi [38] and Steler et  al. [51] 
examined the log law distribution in the wall region of open channel lows using LDV and 
noted that experimental values of the non-dimensional mean velocity U + in the region of 
30 < Y+< 0.2Re* coincide well with the log law. Here Re* refers to the Reynolds number 
based on shear velocity as:
Later, Roussinova [46, 47] noted that for suiciently high Reynolds number, an inertial 
sublayer or logarithmic layer exists roughly in the region 30 ≤ Y +≤ 300, and y/H < 0.2. In 
addition, Kirkgoz [26] found that for a range of Reynolds numbers, the log law is valid in 
the range of 50–80 ≤ U*y/υ ≤ 200–600 where 0.14–0.05 ≤ y/H ≤ 0.6–0.5. In contrast, Car-
doso et al. [13], after conducting independent experiments, suggested that the log law is 
applicable for the entire channel length. Additionally, most recently Zanoun et al. [66] also 
found an increase of the upper limit, which is y/H = 0.2, by 75% after analysing the data for 
a wide range of Reynolds numbers.
2.1.1  Determination of shear velocity  (U*)
In depth understanding of velocity distribution in open channel lows requires accurate 
evaluation of the shear velocity  U*, which is one of the most decisive parameters. This 
is the most fundamental velocity scale, which can be used to normalize mean velocity 
and turbulence. Researchers use diferent methods to determine the shear velocity. The 
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in Fig. 4. Some of the past investigations on turbulent open channel lows in relation 
to diferent techniques that have been used to estimate  U* are summarized in Table 1. 
Due to the diiculties associated with direct measurement of the wall shear stress τ0, 
 U* is usually calculated by indirect methods. As seen in Table 1 direct measurement 
of  U* is rare and most widely used methods are methods 1, 2 and 3. With regards to 
methods 1 and 6 researchers directly used bed slope instead of using energy slope  (Se) 
under uniform low conditions. However, when considering non-uniformity, use of  Se 
will always give a more accurate estimation of  U*.
2.1.2  Use of shear velocity in the log law obtained from diferent methods
After a critical review of the literature, it was understood that the most common appli-
cations of  U* in the log law are; use of either  U*l or  U*r or  U*v or  U*1 or  U*2 on both 
sides of log law as velocity scales and length scales. Most of the researchers use iden-
tical shear velocities on both sides of log law equation evaluated from one of these 
methods. Most of the researchers argued that use of U*l,  U*r or  U*v is most accurate to 
use in the log law equation in comparison to the other methods [6, 26, 27, 46, 48]. It 
is interesting to note that when researchers used  U*1 or/and  U*2 in the log law either 
 U*1 or  U*2 is used on both the left and right hand sides of the log law equation (Eq. 2). 
It is common practice to use either  U*1 or  U*2 at the same time on both sides of the 
equations. For wide open channels where Hydraulic radius (R) can be replaced with H, 
 U*1 and  U*2 become similar. It is worth noting that, to the authors’ knowledge, none of 
the authors in the literature have used both  U*1 and  U*2 simultaneously in the log law 
except Yang et al. [63]. This is further described in Sect. 2.2.
1. Evaluated from channel Slope 
(Sb)-      ∗ ; R is the 
Hydraulic radius; for wide 
channels R = h 
This is the simplest method-giving 
an overall value rather than local 
one 
2. From the measured mean velocity 
distribution U(y) in conjunction with the 
logarithmic law which is given by; 
Widely used 
3. From the measured Reynolds stress 
distribution in conjunction with ; 
Considered to be most appropriate as Reynolds 
stress itself is a turbulence quantity. 
4. If the viscous sublayer data 
exists;   
Only a few researchers use this due 
to the difficulty in obtaining 
measurements in the viscous 
sublayer 
5. From the direct measurements 
of wall shear stress with a 
Preston tube, or with the aid 
of a shear plate.  
Rarely used due to practical 
difficulties 
6. Evaluated from Slope of the energy 
line (Se)-       
∗1 ; 
Shear Velocity       
(U*) 
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2.2  Introducing New Scalings to the Log Law
As discussed above the Prandtl–von Karman equation should be valid to express the central 
velocity proiles in smooth open channel lows. However, as investigated by Tracy and Lester 
[59] the shear velocities are not the same on both sides of the log law of Eq. (2) for the channel 
centre line. Experimental conditions of Tracy and Lester [59] are given in Table 1. Based on 
their measured data, they found that U/U*2 against U*2 y/ν does not collapse to a single line 
after plotting it in semi-log form (see Fig. 5a). They replaced U/U*2 with normalized U/U*1 
and replotted in the form of U/U*1 versus U*2 y/ν, and observed that the data points collapsed 
onto a single line (see Fig. 5b) which is given by;
Tracy and Lester [59] concluded that if local shear velocity and global shear velocity are 
used to normalize the measured near-wall velocity and wall normal distance respectively, then 
the well-known wall function can be used to describe the near wall velocity. Tracy and Lester 
[59] did not explain why the shear velocities should be diferent on both sides of Eq. (4) to 
obtain the good agreement in Fig. 5b. As far as we are aware, there is only a single study, that 
of Yang et al. [63], which uses two shear velocities in a velocity plot that is diferent from the 
widely used wall function suggested by Keulegan [25]. However, they only focused on near 
wall velocity or the corner regions of 3D smooth channel lows.
More recently, Yang et  al. [63] extended the discovery of Tracy and Lester [59] for 













 and further conirmed that shear velocities are diferent from each other as in 
Eq. (4). As described in Tracy and Lester [59] and Yang et al. [63] global shear velocity  (U*1) 
depends on cross section of the channel whereas local shear velocity  (U*2) depends on normal 
distance from the wall or bed of the channel. Irrespective of whether the channel is narrow 
or wide, the normal distance depends on division lines. Therefore, Tracy and Lester [59] and 
Yang et al. [63] postulated that  U*2 is the same for narrow and wide channels using the con-
cept of division lines and the concept of boundary shear stress. Further, Yang et al. [63] high-
lighted the need to partition the low region and the need to use diferent shear velocities on 
both sides of the log law in 3-D channel lows. In addition to Tracy and Lester [59], Yang et al. 
[63] used three other researchers’ data obtained from NHRI [40], Yassin [65] and Kirkgoz and 
Ardichoglu [27] representing shallow wide channel with W/H > 5, representing narrow deep 
and wide shallow channels with W/H- 1–3 and representing narrow to wide channels with 
W/H-1–12 respectively to conirm their relationships which are described in Yang et al. [63].
Equation (4) is critically explored with experimental data obtained in this study. The results 
indicate a very good agreement with the theoretical equation of the law of the wall for a wide 
range of experimental data obtained in this study and in the literature.
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Fig. 5  a Measured centreline velocity distribution for smooth channel (after Tracy and Lester [59]). b 
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when R = H for wide open channels; B′ tends to B which is the typical equation of the log 
law as discussed so far.
3  Experimental set-up and measurement techniques
Experiments were conducted under controlled laboratory conditions utilizing the lume 
facility that is available in the School of Civil, Mining and Environmental Engineer-
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performed in a 10.5 m long, 0.3 m wide and 0.45 m high rectangular glass walled lume 
(Fig. 6). The bed slope  (Sb) was ixed to 0.001. The coordinates in the streamwise, vertical 
and spanwise directions are X, Y and Z respectively. The instantaneous velocities in each 
direction are denoted as u, v and w in the X, Y and Z directions respectively. A series of 
bales and a honeycomb section with rods in a staggered coniguration were located at 
the entrance to the lume to ensure uniform velocity distribution within the channel cross 
section (Fig. 6). Bale walls were provided in series to decrease the efect of turbulence of 
the incoming water. The low of the lume was generated using a 40L/s pump connected 
to the head tank. Bleed valves were incorporated in the plumbing system to release excess 
pump pressure. An electromagnetic low meter (F-2000 from Blue White Industries Ltd) 
was ixed to the pumping system to monitor the low rate. The low rate through the lume 
was controlled by the pump’s frequency at a control box. More details of the lume and its 
components are available in Gamage [19].
A 2D-laser Doppler velocimetry (LDV) system was used as the main velocity meas-
urement technique (Fig. 6). This is a two component coniguration with a 60 mm optical 
ibre probe and a front lens with a 400 mm focal length. The system consists of a 300 mW 
continuous wave Argon-Ion laser and transmitting optics that include a beam splitter, Brag 
cell and signal processors. Green (514.5 nm) and blue (488 nm) components were used to 
measure the horizontal and vertical components of the velocity, respectively. The optics for 
2-D LDV were arranged in an of-axis back scatter mode. The back scatter mode of receiv-
ing a signal from a particle refers to the relected light being captured by the receiving 
optics on the same side as the incident laser beams, with relected light going back into the 
probe head through the front lens. The wave length of the measured volume was approxi-
mately 0.189 × 0.189 × 3.97 mm for both colours, when measured in air. The characteristics 
of the LDV system used are summarised in Table 2. A more complete description of the 
LDV system used is found in [22] and [23].
All the experiments needed to be conducted in the fully developed low region. 
Depending upon the extent of inlet smoothing and upstream low uniformity, the mini-
mum length to achieve fully developed uniform conditions will obviously vary signif-
icantly [27, 38]. By considering the recommended locations from Kirkgoz and Ardi-
choglu [27], Gamage [19] and Han [22] the test section was initially set up at 6.5  m 
downstream from the channel entrance. However, to further ensure that the fully devel-
oped low was achieved at this entry length, measurements of streamwise time averaged 
velocity (U) along diferent water depths were obtained along the total width of the 
channel for all the tests. Transverse low proiles were obtained using both LDV and a 
propeller meter in several cross sections along the channel. As can be seen in Fig. 6, the 
LDV was located at X = 6.5 metres which represents the fully developed low section for 
Table 2  Characteristics of LDV 
system used Wavelength, λ (nm) 500
Beam separation, ED (mm) 38
Beam diameter, Ed (mm) 2.2
Receiver aperture, Da (mm) 47
Focal length, f (mm) 400
Measuring volume diameter, dx (μm) 189
Measuring volume length, dz (mm) 3.97
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all the tests and hence is taken as the measurement station. Flow depth was measured 
with point gauges of ± 0.1 mm accuracy. The depth of water through the lume was con-
trolled by an adjustable tailgate in the downstream collection tank. To attain steady and 
uniform low conditions, the water surface slope was kept parallel to the bed slope for 
each experiment.
The authors aimed at obtaining reliable information regarding the mean velocity dis-
tribution in two-dimensional fully developed turbulent open channel low. As discussed 
above, transverse proiles were obtained throughout the channel cross section. Vertical pro-
iles of streamwise velocity were obtained at the centre of the low from bottom to top of 
the water surface where the low is supposed to be the least afected by three-dimension-
alities [26]. In order to minimise the experimental error from sources contributing to the 
uncertainty of the LDV results, setting up the experiment was done very carefully. The 
entire LDV system was re-calibrated and carefully set by DANTEC in order to minimize 
the errors as much as possible. The techniques adopted for this purpose are well described 
in the literature [16, 17, 22, 29]. A number of trial tests and repetitive tests were performed 
on diferent days at diferent times to ensure the entire system was properly conigured to 
conduct experiments.
The signal processor which is used in the present LDV system is a Dantec Burst Spec-
trum Analyser (BSA) which is connected to an oscilloscope and a PC. The BSA converts 
the electrical signals, which are processed by the oscilloscope, into velocity data, which are 
monitored online by a PC. Raw data exported from the BSA can be processed into statisti-
cal values like ensemble-averaged measurements of velocity, root mean squared values of 
velocity luctuations, and Reynolds stresses. In order to obtain mean velocity and other 
statistical data accurately it is important to choose the appropriate sample size [23, 43, 67]. 
Hence, throughout our current experiments the size of the sample chosen was 2000 which 
gives the likely relative error as only around 0.09% (< 2%) which can be considered to be 
suicient for the two component LDV in the current coniguration Han et al. [23] and Pel-
tier et al. [43]. The sampling time used was 20 s and the acquisition frequency was 100 Hz. 
Furthermore, in order to obtain accurate measurements, it was paramount that the seeding 
particles within the luid were distributed uniformly and homogenously. This was achieved 
by keeping the seeding between 8 and 11 ppm as described in Han et al. [23]. Further, in 
order to eliminate velocity bias the system was operated at high signal rates, properly time 
averaging the processor output as described in DANTEC [17].
After ensuring the experimental set up was working properly with all its components, 
altogether six test runs for six low rates were conducted and both transverse and verti-
cal velocity proiles were taken for each test. Transverse proiles were taken from wall to 
wall of the channel for each discharge at diferent low depths. Vertical velocity proiles 
were taken at the centre of the channel as mentioned above. Considering the limitations 
of the present LDV system, acquisition of data in the viscous layer, which is extremely 
close to the bed of the channel, was not possible. However, data was successfully obtained 
in the log region with an error of less than 1%. The calculation of the uncertainty of 1% 
is based on statistical analysis of repetitive experimental runs [4, 10, 32, 55]. Velocity 
measurements were taken in 0.1 mm or 0.2 mm intervals depending on water depth up to 
50 mm–60 mm from the bottom of the channel by using the traverse system attached to the 
LDV which facilitates obtaining the velocity measurements in the given sample volume in 
Table 2 with a ± 300 µm accuracy. Experimental uncertainties were found to be less than 
1.5% for streamwise time averaged velocity measurements and 3% for the root mean square 
(RMS) velocity luctuation measurements. The low uncertainties obtained in the measure-
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4  Experimental results, analysis and discussion
4.1  Hydraulic conditions
As discussed above, low measurements were conducted for six diferent experiments, with 
the measured and calculated hydraulic parameters listed in Table 3. The investigated lows 
are characterized by a narrow range of low Reynolds numbers, Re = 4UmR/v, by moder-
ately high Froude numbers, Fr = Um/(gH) 
(0.5) (g is the gravitational acceleration and  Um 
is the depth average mean velocity at the channel centre), and by aspect ratios in the range 
1.97 < W/H < 4.11. As seen in Table 3, maximum velocity  (Ue) varied between 0.624 m/s 
to 0.802 m/s and occurred at a distance on average δ ≈ 0.88H. The experiments replicate 
typical low conditions in smooth open channels at diferent low depths and complement 
past research (see Table 1).
4.2  Uniformity of the Flow
Figure  7 shows the transverse proiles of streamwise time averaged velocity at diferent 
low depths (H). Transverse low proiles were obtained along the total width of the chan-
nel. For each discharge, low proiles were obtained at diferent depths Y depending on the 
water depth H. In the case where the mean low depth H is much smaller than the mean 
channel width (W), that is H/W < 1, the low can be considered approximately two-dimen-
sional and the efect of the vertical velocity component can be neglected, where x and z 
respectively indicate the longitudinal and the transverse directions [8]. As seen in Fig. 7, 
U/Um proiles along all the transverse direction (z) qualitatively represent the character-
istics of the fully developed low regime as described by Ben Meftah et al. [8] using the 
concept of shear layer development. This postulates the applicability of the law of the wall 
and other turbulent theories of smooth uniform open channel lows. Symmetry around the 
centre line is suggested with the channel centre at Z = 150 mm and hence the measurement 
grid of the LDV is very accurate after correcting for the laser light refraction.
4.3  Shear velocities
For a detailed investigation of the near-wall turbulence, it is very important to evaluate 
the shear velocity  U* accurately. As shown in Table 4,  U* is evaluated from four diferent 
methods which are discussed above. In this study  U* is determined from vertical proiles 
of the streamwise time averaged velocity measured at the centre of the channel in the fully 
developed low region. For each water depth estimation of  U*l is based on it to the log law 
assuming κ = 0.41 and B-5.5 which are taken as typical values. Next,  U*r was determined 
with the least-square method so that the data of u�v� , gave the best it to Equation;











Average percentage uncertainties calculated using the method of error propagation for  U*1, 
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compare well with those given by Nezu and Rodi [38] and Kirkgoz [26] who found values 
between 4.4 and 39.9 mm/s for a similar range of Reynold numbers.  U*1 also does not dif-
fer more than 5% from  U*l and  U*r whereas  U*2 shows some deviation from  U*l and  U*r.
4.4  Log law distribution
As given in Eq. (4), irstly it is worth understanding why two diferent shear velocities are 
required in the log law as discussed above. It is always useful to measure the real  U* and 
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compare it with  U*1 and  U*2, but in the literature, there is a debate about whether  U*1 and 
 U*2 are equal or not. As discussed above, Tracy and Lester [59] concluded that the law of 
the wall is valid in the inner region of 3-D lows for a smooth channel, but shear velocities 
on either sides of the log law may difer from each other. However, they did not give any 
clariication as to why shear velocities are diferent in the log law. This assumption was 
irstly tested using the authors’ own experimental data to conirm the both shear velocities 
are diferent in Eq.  (4). Figure 8 shows typical results of measured mean velocity distri-
bution in the central region for ive diferent aspect ratios (W/H; where W is the channel 
width). The ordinate scale is the ratio of point velocity to local shear velocity, U/U*2 and 
the abscissa scale is the dimensionless depth,  U*2 y/ν;. though lines have not been drawn 
through the points of each set of data, shown on Fig. 8 which is a semi-logarithmic plot, 
however they appear to deine straight lines, each of which may be represented by an equa-
tion of the slope-intercept form but they do not have a common slope. Now the same data 
is replotted in the form of U/U*1 versus  U*2 y/ν in Fig. 9, also in a semi-logarithmic plot. 
The semi-logarithmic plots of the streamwise component of the mean velocity proiles are 
shown in Fig. 9 for all the tests. Here, most importantly we used  U*1 and  U*2 in the log 
Table 4  Shear velocities of experiments calculated from four methods
Test No H (mm) U*l mm/s U*1 = (gRSe)
(0.5) mm/s U*2 = (gHSe)
(0.5) mm/s U*r mm/s
1 73 24.0 23.6 28.7 25.1
2 87 24.9 24.5 30.8 25.0
3 105 27.0 26.4 34.4 26.7
4 124 26.3 25.2 34.0 27.3
5 140 27.8 26.8 37.2 28.2
6 152 26.8 25.3 35.9 29.9
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 . The overall data in 
the turbulent part of inner region is best represented by Eq. 4 with A-2.44 and B-5.4 with 
a  R2 of 0.99. It is worth noting that while obtaining the U/U*1 versus  U*2 y/ν, uncertainties 
of each parameter (i.e. U,  U*1,  U*2, y, ν) were considered individually and hence the errors 
of U/U*1 and  U*2 y/ν were calculated following the method of error propagation. As such, 
error bars which show the error of each data point and the 95% conidence band are also 
incorporated in Fig. 9.
Based on Fig. 8 i.e. the log law with  U*2 on both sides the calculated uncertainty of B is 
20% by taking the value of B as 5.5 which is widely used by other researchers as given in 
Fig. 3. This uncertainty is reduced to less than 3% with Eq. 4. Having noted in Sect. 4 that 
uncertainty of velocity measurements is less than 1.5% it is worth noting the higher uncer-
tainty of B when  U*2 is used on both sides of the log law. Hence, it can be postulated that 
the use of  U*1 and  U*2 as given in Eq. (4) is a new representation of the log law which does 
not follow the typical use of  U* on either side. In other words, this paper will not provide 
a new formulation, but provides a justiication using our own experimental data, and the 
conclusion is also supported by the data from the literature as discussed in the following 
sections for wide and narrow channels irrespective of low conditions. However, with this 
representation of the log law this research will contribute new knowledge with regards to 
the additive constant of the log law for the irst time, which is also discussed in the follow-
ing sections.
In Eq. (4), the value 2.44 is based on a von Karman universal constant κ of 0.41 which 
is treated as a constant in this study. Table 5 shows the values obtained for the additive con-
stant B and applicability range of the log law by presenting y/H and Re*. The results are in 
perfect agreement with the published values of B as shown in Fig. 2 above. According to 
Nezu and Nakagawa [37] the log law is valid in the region of y/H < 0.2 and 30 < Y+< 0.2 
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Re* which is in reasonable agreement with this study as well. However, some researchers 
(As an example, Zanoun [66]; Marusic et al. [30]) stated that the lower and upper limits of 
 U*y/v depend on Reynolds number, increasing with increasing Reynolds numbers. Further-
more, Cardoso et al. [13] analysed mean low velocity data by taking the true inner region 
i.e. in which y/H < 0.2 and the entire water depth (y/H < 1.0) and nearly the same mean 
values of κ = 0.40 and B ≈ 5.1 were achieved. This suggests that, for their data set, the law 
of the wall can be applied throughout the channel depth.
Figure 10 shows the integration constant B for the individual tests obtained against the 
Reynolds number Re which is deined based on hydraulic radius as Re = 4UmR/v. The pre-
sent data agrees well with the indings of Cardoso et al. [13] and Nezu and Rodi [38] who 
noted that for  104 < Re < 106 there is only a slight variability of additive constant B, which 
does not depend on the Reynolds number, especially in the case of uniform lows. As seen 
in Table 3, Fr number does not vary much for any of the test series, hence the inluence 
of the Froude number cannot be analysed from our data because of its narrow range. The 
average value of B fell within the range found in the literature as 4 < B < 7, summarised in 
Fig. 3. Though researchers found there is less scatter in κ, a signiicant scatter is evident 
in B. As an example, Nezu and Rodi [38] noted less scatter in κ with κ = 0.412 ± 0.11, 
whereas considerable scatter in B was found with B = 5.29 ± 0.47, as measured in boundary 
layers of open channels and pipe low.
Table 5  Veriication of log law-
some important statistics












1 4.11 5.34 0.25 1990 267 523
2 3.40 5.23 0.22 2604 329 539
3 2.86 5.23 0.25 3257 372 806
4 2.42 5.69 0.22 4407 409 977
5 2.14 5.47 0.19 4928 387 915












50000 90000 130000 170000 210000 250000
B
Re= 4UR/v
Variation of B with Reynolds Number
5.8- Johansson and Alfredsson  (1982)
5.5- Kirkgoz (1989)
5.29- Nezu and Rodi (1986)














































Journal : SmallCondensed 10652 Article No : 9733 Pages : 34 MS Code : 9733 Dispatch : 4-1-2020
 Environmental Fluid Mechanics
1 3
In order to further conirm the validity of Eq. (4), streamwise velocity (U) was calcu-
lated from Eq.  (4) for all the tests. The calculated values were then compared with the 
measured streamwise velocity for each data set. Relative error was calculated for each 
data set using absolute diference of calculated and measured velocities for each data point 
using;
Then the average of relative errors of all the points was considered as the relative error 
of U for that particular test. This procedure is repeated for all six tests and results are shown 
in Table 6 Moreover, the root mean square of error of U was also calculated for 6 tests 
based on the calculated value of U as in Eq. 4. Further, as discussed above (See Fig. 4 and 
Table 1), since  U* calculated from diferent methods has been used in the log law, log law 
equations with  U*l and  U*r have also been used to calculate U and then to calculate relative 
error as of Eq. (7). Only these two equations have been selected since those are deemed as 
typical representations of the log law representing  U* from the diferent methods. Though 
use of  U*v in the log law is also common, unfortunately, due to the unavailability of data in 
the viscous sub layer, the log law with  U*v has not been used in this section. The percent-
age error of U calculated from each method has been compared. As seen in the Table 6, 
Eq. (4) performs perfectly by indicating an error less than 1.5% for each test except test 6. 
For all the tests our equation (Eq. (4)) performed very well compared to the log law equa-
tion with  U*r. As seen in Table 6 for Test 6, relative error of U from this method (i.e. with 
 U*r) shows a relatively higher value for reasons unclear. Root mean square error calculated 
for all 6 experimental data sets based on Eq. 4 is also less than 1%, which further conirms 
the validity of Eq. 4.
4.5  Model veriication
Since Eq.  (4) performs better for the experimental data obtained in this study, it is worth 
exploring the applicability of Eq. (4) with some data from the literature. For this purpose, a 
few data sets published in well-known journals have been selected. Firstly, all the data sets 
are selected from smooth open channel lows. Data sets were selected in a way representing 













Table 6  Percentage error of U 
computed from log law with  U*l, 











Test No Water 
depth 
(mm)
W/H % error of U
With  Ul in 
log law
From Eq. (4) With  Ur in 
log law
1 73 4.11 2.2 1.2 4.9
2 87 3.4 3.0 1.3 3.1
3 105 2.86 1.7 1.3 1.3
4 124 2.42 1.7 1.5 4.3
5 140 2.14 1.6 1.3 2.0
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the vertical proiles of streamwise velocity in this study were obtained in the channel centre 
to check the validity of Eq. (4), data sets obtained near the wall were also selected. Hydraulic 
conditions for each data set are shown in Table 1, with some important information such as 
channel type, low characteristics, velocity measurement techniques and shear velocity estima-
tion methods. Even though a number of data sets have been considered, it is worth describing 
how the model is performing for three selected data sets in detail for more clarity (Table 7). 
Then results will be summarized in Table 8. Table 8 gives the percentage error from each 
method for this data set. Hence, the following data sets and applicability with Eq. (4) are plot-
ted and discussed.
The above authors’ selected experimental data are plotted in Fig. 11 based on each author’s 
log law representation as in Table 7. Then, the same data are re-plotted according to our rep-
resentation of the log law which is as in Eq. (4) (see Fig. 12). Comparisons between the theo-
ratical equations and the experimental data are made. Good agreement between the data and 
the Eq.  (4) can be seen in Fig. 12 where Table 8 indicates the relative percentage error of 
calculated U with the measured U from each equation (as on Eq. 7). The results conirm the 
universality of Eq. (4), even for super critical low conditions which is more interesting.
4.5.1  Variation of B′ and H/R
Let us consider Eq. (5) again;
Since A = 2.44 and B = 5.4;
For a rectangular channel H/R is directly related to the aspect ratio. (i.e.: H/R = 1 + 2H/W). 
For a wide rectangular channel since the channel width (W) is very large compare to water 
depth (H) i.e. R ≈ H; B′ will become B. This is plotted in Fig. 13. Both experimental data 
in this study and data from the literature have been used to validate Eq. (8) (See Appen-
dix). The selected data represents the data only from rectangular open channel lows where 
aspect ratios (W/H) are in the range of 2 to 23 which represents wide range of aspect 
ratios[31, 34, 42, 53]. As seen in Fig. 13 it is evident that when H/R tends to 1, B′ tends 
to B which is the typical additive constant of the log law. This postulates that the additive 
constant B of log law is a function of aspect ratio and hence depend on channel geometry. 
This adds a novel contribution to the exiting knowledge of log law in open channel lows. 
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∗
+5.29 Equation A Cardoso 1989;  
∗
∗ +5.5  Equation B Kirkgoz 1989;
∗






















Equation B with U*l




Equation C with U*l
Fig. 11  Presentation of Log law distribution as Equation A Cardoso [13]; Equation B Kirkgoz [26] and 
Equation C Auel et al. [6]
∗
+5.29 Equation A Cardoso 1989; 
∗
∗ +5.5 Equation B Kirkgoz 1989;
∗
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5  Conclusions
Methodical 2D-LDV velocity measurements were conducted in a smooth, uniform, narrow 
open channel at steady, subcritical low conditions. Both transverse and vertical proiles 
of streamwise velocities were measured. Six sets of experiments were conducted pertinent 
to six diferent aspect ratios. The transverse proiles of streamwise time averaged velocity 
distributions indicate a quasi-symmetrical pattern with maximum velocities at the lume 
centre and decreasing velocities in the near side wall and bottom region.
The dip phenomenon is well pronounced in this study as all tests were conducted on a 
narrow channel where the aspect ratio is less than 5. Maximum velocities were observed 
at an average distance of ƍ ≈ 0.88H for all experiments. This indicates that the outer low 
region is afected by well-developed surface and bottom vortices, i.e., secondary currents at 
the side walls. These currents create three-dimensional low patterns.
Friction velocities are evaluated and itted to a typical log law, from the measured Reyn-
olds shear stress distribution and using the slope of the energy line. Energy slope was used 
to evaluate global shear velocity  (U*1) and local shear velocity  (U*2). Theoretical studies 
of Tracy and Lester [59] and Yang et al. [63] highlight that the shear velocities on both 
sides of the classical log-law are diferent due to the inluence of secondary currents. It is 
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found that the classical log law gives a good description of the velocity distribution in the 
inner region if the global shear velocity and local shear velocity are introduced as a veloc-
ity scale and length scale respectively as U/U*1 and as the dimensionless distance, i.e., 
 U*2y/υ where:  U*1 = (gRSe)
0.5 and  U*2 = (gHSe)
0.5. With these new scalings (Eq.  (4)) the 
experimental velocity proiles agree well with the logarithmic law of the wall distribution, 
for coeicients A = 2.44 and B = 5.4. The developed model i.e. Equation (4) is veriied with 
experimental data from past research, which depicts high accuracy. Most interestingly it 
is worth noting that these scalings are valid for smooth narrow or wide channels for both 
supercritical and subcritical conditions which hence supports the universal applicability of 
Eq. (4).
Moreover, according to the critical review conducted, past literature questioned the uni-
versality of the von Karman constant κ in the log law equation as well as the large scatter 
of the additive constant; B. This is further explored using Eq.  (8) by deining B′, which 
depends on B. The authors suggest that B′ is more practical to use in place of B where for 
wide channels B′ eventually tends to B which is the typical additive constant of the log law. 
In addition it is shown that B′/B is indeed related to the aspect ratio. From this we can pos-
tulate that the additive constant; B in the log law is obviously a function of channel aspect 
ratio, and depends on channel geometry.
To summarize, the results of the present study yield an important step towards the 
understanding of the log law velocity proile in smooth uniform open channel lows over a 
range of Reynolds numbers and moderately high Froude numbers. The experimental data 
obtained by the authors from this study and from the past literature strongly veriied the 
applicability of the Eq. (4) irrespective of channel characteristics. Finally, it is evident that 
extensive data obtained from LDV will facilitate the more rigorous understanding of the 
mean low and turbulent structure in smooth open channel low.
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